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ABSTRACT: We calculate the lamellar period L and interphase thickness a of an incompressible melt of
symmetric diblock copolymers from the onset of phase segregation (weak segregation limit) to the limit where
segregation is almost complete (strong segregation limit) by numerically solving a mean field lattice model,
where the lattice spacing is taken small enough to approximate a continuum. Our results for L and a agree
with previously derived theoretical formulas in both limits. Based on the first few terms of a Fourier series
expansion of the density profile, we show analytically that L = 0.844R(xN)%5"! at the weak segregation limit,
where R is the unperturbed molecular radius of gyration, x the Flory interaction parameter, and N the
number of statistical segments per molecule; the compressibility of the melt—even in the incompressible
limit—must be taken into consideration to get the correct dependence of L on xN, and the Fourier series
approximation turns out to be accurate over a very small range of x.JV.

I. Introduction

A polymer is called a diblock copolymer if it consists of
two subchains (or blocks), one containing type A monomers
and the other type B. Typically A and B monomers have
a positive free energy of mixing when the translation
entropy—which is small for monomers constrained to be
on a polymer—is ignored, and in a melt they tend to
segregate into A-rich and B-rich domains. The linkage
between A and B blocks precludes macroscopic phase
separation and leads to interesting microscopic ordering
on a scale of the radius of gyration of the polymer. A
recent article by Bates! reviews polymer—polymer phase
behavior and references much of the literature.

Theorists resort to various approximations when descri-
bing diblock copolymer melts. The molecules are typically
modeled as ideal Gaussian chains with the same Kuhn
length and volume per monomer for both blocks, and
usually the melt is assumed incompressible. The statistical
mechanics of this simplified model is then solved by the
application of mean field theory or the random phase
approximation.

Within the framework of these approximations, analytic
descriptions of microphase ordering have been proposed
for two limiting cases. A melt of symmetric (same number
of monomers in both blocks) diblock copolymers, with N
monomers per molecule, unperturbed radius of gyration
R, and Flory interaction parameter x (which is approx-
imately inversely proportional to temperature), is expected
to exhibit a transition from a homogeneous mixture to an
ordered structure when xN exceeds 10.5.2 In the weak
segregation limit (xN =~ 10.5) the density distribution
exhibits shallow sinusoidal modulation with predicted
period 3.23R.? AsxN increases the modulation depth and
period increase, until in the strong segregation limit (xN
> 10.5) the density distribution is lamellar with predicted
period?®

L = (192/7)3R(xN)"/® (1)

In this limit the predicted size of the transition region
between A and B phases (the interphase width) is®*

- 4 3 1/8
a = 2R(xN) 1/2[1+—(——) ] (2)
x LAC Y
where the second term in brackets is a correction recently
derived by Semenov.? The interphase width is defined as

the peak-to-peak modulation of the type A (or type B)
density distribution divided by the magnitude of its slope
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at the center of the transition region. According to this
definition, at the weak segregation limit where the density
distribution is sinusoidal, the interphase width is 3.23R/
.
No analytic expressions exist for L or a for intermediate
values of xN. In an early paper on block copolymers,
Helfand® numerically calculated density distributions for
xIN = 20 and 74, from which values of L and a can be
extracted. Recently, Melenkevitz and Muthukumar” and
Shull® numerically calculated L for the entire range of xN
from the weak to the strong segregation limits. Both find
L ~ R(xN)1/¢ in the strong segregation limit, and L =
3.23R at the weak segregation limit, but in the intermediate
regime their results disagree. Shull discusses this dis-
agreement and argues that his calculation involves fewer
assumptions. Shull’s results for L converge to eq 1 in the
strong segregation limit; this is reassuring, since his
calculations are based on the same mean field theory for
which eq 1 was derived. Shull also numerically calculated
a and compared his results to eq 2 without the correction
term and found about 10% disagreement well into the
strong segregation regime (xN = 150); inclusion of the
correction term eliminates this disagreement.

The dependence of L on xN in the weak segregation
limit is a topic of current interest. Thebeliefis widespread
that L ~ R in this limit,"® but some measurements!?
suggest L ~ RN®3, onerecent theory!! predicts L ~ RN?5,
and Shull® deduces L ~ RN45 from his numerical data.

In this paper we calculate L and a for xN ranging
from the weak to the strong segregation limits, by
numerically solving a mean field model implemented on
a lattice—an approach similar to that of Shull.® Then in
section III.A we show analytically that our model yields
L = 0.844R(xN)%571 in the weak segregation limit.

II. Mean Field Theory

Our mean field model is similar to that of Helfand, 412
but our notation and approximations are geared for direct
numerical solution. Consider a system of volume V and
temperature 7' (in energy units) containing N, identical
noninteracting diblock copolymer molecules. We regard
each molecule as a freely-jointed chain with NV segments
and treat space as a simple cubic lattice with lattice
constant !, where {3 is the mean volume per segment, and
require adjacent molecular segments to occupy nearest-
neighbor lattice sites.l3 W = V/I3 ig the total number of
lattice sites. As [ — O the cubic lattice approaches a
continuum and the freely-jointed chains become ideal
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Gaussian chains; in our calculations we will take / small
enough so that its size does not affect our results. (Though
our interest in this paper is with symmetric diblock
copolymers, the theory we present in this section does not
assume both blocks have the same number of segments.
However, we do assume the blocks have the same Kuhn
length and volume per segment.)

Let i = A, B be the block index, &k = 1, 2, ..., N the
segment index, and i) the value of the block index of the
kth segment. When the chains are acted upon by a mean
field u(i,r), which gives the energy per unit temperature
of a type i segment at lattice site r, the system partition
function (neglecting constant factors) is

Z=2zN 3)

where Z, is the single-chain partition function (see, for
example, eq 2.1 of ref 4)

Z,= Z Z exp(—Zu(ik,rk)) X
r TN

P, -ry) ..Pry -1y 4

and the summations before the exponential are over all
lattice sites. P(ry_; — rp) is the probability that segment
k is located at rp when segment k — 1is at rx;. For a
random walk on a cubic lattice

1/6 ifr = ig, +ig, +i2
P(r) = . (%)
0 otherwise
where %, ¥, and £ are unit vectors. When N > 1, this
random walk results in a Gaussian distribution for the
distance between chain ends with variance 2R?, where R?
= (N/6)i2.13 Equation 4 can be written

z,=Y Zkm ®

where
Z°k,r) = Z"(k,r) exp(-u(i,r)Z" (k,r) )
Z*k,r) = ZP(r' - 1) exp(—p(ip, PN ZE(kELY)  (8)

and at the chain ends

Zarn=2"WNyp =1 )

ZO(k,r) is the statistical weight (unnormalized probability)
of finding segment & of a given chain at r, and Z*(k,r) are
the statistical weights associated with the portions of the
chain before (-) and after (+) segment k. Given u(i,r), the
recursive structure of eq 8 allows one to calculate Z%(k,r)
and Z; from eqgs 5-9.

Now consider interactions between segments. In the
spirit of Flory—-Huggins theory write the local free energy
density

2
o = T @22 pamo@n) a0

where « is a dimensionless compressibility, x the Flory
interaction parameter for A and B segments, po = N N/V
the mean number density of segments, and ¢(i,r) the
number of type i segments per latticesiteat r. Here ¢(i,r)
is areduced (dimensionless) partial density, while the total
density is

o) = 3 _o(i,x) (11)

(Our f(r) is identical to that used by Helfand in ref 12.
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Slightly different forms are used in other papers, but they
all give identical results for polymer melts in the incom-
pressible limit.1¥) We approximate the free energy (per
chain per unit temperature) of a system of interacting
chains as

N
F =-In(Z,) - —ZZua‘,rw(i,r) +

(¢(r) - 1)?
O

where the first term on the nght is the total free energy
of a system of chains in the presence of the mean field but
without segment-segment interactions (the reference
state), the second is the free energy of the reference state
due to interactions between segments and the mean field,
and the third is the Flory~Huggins free energy evaluated
in the reference state.!> The first and second terms give
the entropy of the reference state, which makes it clear
that we are simply using the entropy of the reference state
(which we know how to calculate) as an approximation for
the entropy of the interacting state. This procedure gives
an upper bound to the free energy. The “best” such free
energy is then given by functional minimization of eq 12
with respect to both ¢ and u, resulting in the equations

+ x¢(A,r)¢(B,r)) 12)

WA = 991'—1 + xd(B,1) (13)
w(BE) = "’") L xoan (14)
Z°(k r)

(15)

oGx) =— Zé(z iy

where the Kronecker delta function restricts the sum-
mation to segments in block i. Equations 13 and 14 come
from variational terms containing é¢, while eq 15 comes
from terms containing éu. Variation ofIn(Z.) is facilitated
by noting that

5Z, =~ ZZZo(k,r)au(ik,r) (16)

Equations 6 and 15 imply the average value of ¢(r) is
unity.

Based on a mean field approximation and the Flory-
Huggins local free energy density, eqs 13-15 give a formal
solution for a diblock copolymer system. The goal is to
find distributions ¢ and u which satisfy eqs 13-15 when
Z0 and Z, are calculated from egs 5-9.

III. Solution Methods

A. Analytic Solution near the Weak Segregation
Limit. In this section we investigate the behavior of our
model for symmetric blocks near the weak segregation
limit (xN =~ 10.5) when N — « and x — 0. Near the weak
segregation limit the density profiles are one-dimensional
sinusoids with infinitesimal amplitude,? and we write

H(A,2) = %(1 + ¢ cos(gz) + 7€ cos(2gz)) an

¢(B,2) = %(1 - ¢ cos(gz) + Té* cos(2qz)) 18)
where ¢ = 27/L, z is the position coordinate normal to the
lamellae, ¢ « 1, and the signs are dictated by symmetry
since ¢(A,2+L/2) = ¢(B,z) for symmetnc blocks. Given
eqs 17 and 18, we will derive an expression for the free
energy in terms of g, ¢, and 7, then minimize this free
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energy to determine equilibrium values of g, ¢, and 7 as
functions of xN. Since we are interested in calculating
properties in the neighborhood of the weak segregation
limit, we keep only the two leading terms (¢ and ¢?) in the
free energy. Terms of higher order than ¢ have been
neglected in eqs 17 and 18 because they contribute terms
of higher order than ¢ to the free energy.

From eq 11 we find

#(2) = 1 + 7€ cos(2g2) (19)
then eq 13 gives

w(Az) = 224(1 - e cos(qz) + wre? cos(2gz))  (20)

where

w=1+ 2 (21)
XK

(Note that eq 19 describes a compressible melt, even though
we intend to eventually calculate results when « and 7 go
to zero. See the related discussion in section IV.) u(B,2)
is obtained from u(4,z) by replacing e with —e. As N —
= the lattice sums in eq 12 become integrals, and, using
the orthogonality of the cosines, the free energy is

=-In(Z) - iXN + %xNe"’ - 5%; (XN (22)

where

[\)
€
-3

x
2

7 (23)
The calculation of In(Z.) is tedious and is outlined in
Appendix A. The result is

In(Z) = - 3 XN + a,(x\)% -

(-;— a,’ - a,~ a7 - a,ﬁ-z)(xN)“e4 (24)
where the coefficients a;, ag, as, and a, are functions of §
= gR and are given in Appendix A. Equations 22 and 24
give

AF = %(X%V - 8a,)(xN)%e +

(%af -0y~ a7 - aﬁ“)(xN)‘e‘ (25)

where AF = F — xN/4,and we have made the approximation
(a4 + 1/(32wxN)) =~ a4 since we are interested in the limit
w— » ag x — 0 with xN finite. Minimizing the right-
hand side of eq 25 with respect to , ¢, and 7 gives

1 b'(gy) )
N == 26
X 8(a1(a0)b'<ao>—2a1'<qo)b<ao> 26)

\ 1 [8a,@)xN - 1)

= 27
© = oo\ b@y @n
a3(qo)

= 28
7o 2a,(Gy) @9

1 { 8a,(gp)xN - 1)
Fo=- 29
07 256N\ b(gy) @9

where the subscript zero denotes a value at equilibrium,
the primes denote differentiation with respect to §, and
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b=lal-a,+ > (30)

Since Lo = 2xR/§o, eq 26 determines Ly as a function of
xN.
The results of Leibler? are recovered if we set ¢ = 0 in
eq 27, which gives xN = 1/(8a1(go)). The function a;(go)
has a maximum at gy = 1.946, corresponding to the
disorder-order transition at xN = 10.5.

Asdiscussed insection I, near the weak segregation limit
L is commonly written in the form L ~ RNe. By
numerically evaluating eq 26 in the neighborhood of the
disorder-order transition, we find

L = 0.844R(xN)*5" (81)

B. Numerical Solution Strategy. In thissection we
describe a numerical procedure for finding the distribu-
tions ¢ and u for arbitrary xN. For a given density
distribution ¢, one can calculate the corresponding field
u from eqs 13 and 14 and then a new density distribution
T¢ fromeqs5-9and 15. Here T is an operator representing
the transformation of the density distribution. Think of
¢ and T'¢ as points in a space spanned by {i,r}, and consider
the difference vector T¢ — ¢. Define the length A of the
difference vector by

1
20 1 = NPT
A[<z>]—2 v E‘ Er (ToG,r) - ¢G,1r)) (32)

If ¢ is an exact solution, then ¢ = T¢ and A = 0. Otherwise,
A > 0. The closer A is to zero, the closer ¢ is to an exact
solution. A is a scalar field, and one can use standard
multidimensional minimization techniques (such as con-
jugate gradient descent!®) to locate the solution point where
A = 0. However, we use the following approach, which we
have found to be simpler and more efficient.

Guess an initial ¢ and consider the line passing through
¢ in the direction T¢ - ¢. This line may be written

o(i,rw) = ¢(i,r) + »(ToG,r) - 6(,1)) (33)

where ¢ is a point on the line located “distance” v from ¢.
Every point on the line has a corresponding A given by eq
32. Use standard one-dimensional minimization techn-
qgiues (such as Brent’s method!?) to find the point on the
line with minimum A (i.e., minimize A with respect to »),
then use this point as an improved new guess. This
procedure can be iterated until A approaches zero. If at
some step during iteration the minimum A occurs at v =
0, convergence fails, and a different initial ¢ should be
chosen.

The numerical solution strategy presented in this section
is quite general, valid for three-dimensional distributions
of asymmetric diblock copolymers. Specialization to the
case of one-dimensional (lamellar) structure and symmetric
blocks is discussed in Appendix B.

IV. Results and Discussion

Equations 1 and 2 for L and a in the strong segregation
limit depend only on xV and R, not the number of segments
N. These equations were derived for N — «. Similarly,
our numerical results for L and a depend only on xN and
R when N > 1, and we have taken N large enough so that
the dependence on N is negligible (see Appendix B).

A polymer melt is nearly incompressible (x ~ 0). As «
— 0 our numerical results for L and a approach limiting
values corresponding to an incompressible system (see
Figurel). Inthefollowing numerical calculations we used
x = 0.1 to simulate an incompressible system. Reducing
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Figure 1. Dependence of (a, top) lamellar period and (b, bottom)
interphase width on compressibility (xN = 21, N = 210). For«
&« 1 both L and a approach the values they have in an
imcompressible system.

Table I. Numerically Calculated Values of L/R and a/R
for Given xN

xN L/R a/R xN L/R a/R

11.0 3.30 0.992 264 4.36 0.551
11.5 3.37 0.963 29.6 4.48 0.512
12.0 3.43 0.934 33.2 4.59 0.476
12.6 3.51 0.903 37.2 471 0.444
13.0 3.56 0.886 41.8 4.82 0.413
13.8 3.64 0.851 47.0 4.94 0.385
15.0 3.76 0.804 52.8 5.06 0.358
16.8 3.88 0.745 59.2 5.18 0.336
18.8 4.00 0.690 74.0 5.40 0.294
21.0 4.12 0.641 92.6 5.64 0.259
23.6 4.24 0.593 115.8 5.88 0.228

« further increases the computational burden and changes
L and a by less than 0.1 and 0.5%, respectively.

Our numerical results for L/R are tabulated in Table I
and plotted in Figure 2. They are consistent with
Helfand’s® and Shull’s® results, and with eqgs 1 and 31 in
the strong and weak segregation limits.

Our numerical results for a/R are tabulated in Table I
and plotted in Figure 3. They are consistent with
Helfand’s® and Shull’s®results, and with eq 2 in the strong
segregation limit, and give the expected value a = 3.23R/=
in the weak segregation limit.

It is comforting that Helfand’s results® and ours (see
Figures 2 and 3) agree, despite our different approaches.
Helfand considers ideal Gaussian chains, with P(r)
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In(xN)

Figure 2. Ratio of lamellar period to radius of gyration versus
xNN. Ournumerical results (TableI) are indicated by open circles,
and the filled circle is Leibler’s? weak segregation limit. The
dashed lines are analytic predictions for the weak (eq 31) and
strong (eq 1) segregation limits. The calculations of Shull
(extracted from Figure 2 of ref 8) are indicated by boxes, those
of Helfand® by triangles, and the measurements of ref 18 by
diamonds. The solid line represents the solution of eq 26.

0.5 T T T T I
0.0 - ® e
°°°%
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Figure 3. Ratio of interphase width to radius of gyration versus
xN. Our numerical results (TableI) are indicated by open circles,
and the filled circle is Leibler’s? weak segregation limit. The
dashed line is an analytic prediction for the strong segregation
limit (eq 2). The calculations of Shull (extracted from Figure 4
of ref 8) are indicated by boxes, those of Helfand® by triangles,
and measurements of ref 18 by diamonds.

Gaussian, and approximates the recursion relation (eq 8)
by a diffusion differential equation (see eqs II.4 and I1.6
of ref 6), while we consider random-walk chains on a lattice,
and evaluate the recursion relation directly. We have also
investigated the effects of generalizing the random-walk
probability distribution of eq B2 to

P ifz==!
Piz) =€ 1-2p ifz=0 34)
0 otherwise

where 0 < p </5and R? = 6pNI? and find that our results
are independent of p.

Several measured values!® of L/R and a/R are also plotted
in Figures 2 and 3. The scatter of the L/R values (for
which there were no error bars) suggests that theory and
experiment agree to within the limit of experimental error.
The values of a/R show much less scatter and do not agree
with theory. Semenov has recently shown that this
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XN
Figure 4. ¢ versus xN from eq 27.

discrepancy can be wholly accounted for by including
fluctuation effects, which are neglected in our mean field
model.5

Analytic predictions for L/R in the weak segregation
limit are compared with numerical results in Figure 2.
The dashed line representing eq 31 appears to describe
the correct limiting behavior as xN approaches the
disorder-order transition. However, the solid line repre-
senting eq 26 diverges rapidly from our numerical results,
which indicates that our free energy expansion (eq 25) is
accurate only as € — 0. Note that the series expansion
parameter in eq 25 appears to be xNe¢, not ¢. Since xV =
10.5 and ¢, grows very rapidly at the weak segregation
limit (see Figure 4), it is understandable that eq 25
converges poorly.

Right at the disorder-order transition our analytic
solution gives xINV = 10.5and L = 3.23R, in agreement with
Leibler.2 In his theory of the weak segregation limit,
Leibler represents an incompressible melt by imposing
the constraint ¢(r) = 1. However, this constraint is not
adequate to describe the behavior of L versus N in the
neighborhood of the transition (see eq 19). The cos(2gz2)
terms of eqs 17 and 18 contribute to the ¢ terms in the
free energy (see terms involving 7 in eq 25) and significantly
influence the behavior of L near the weak segregation limit.
Excluding the cos(2gz) terms (set 7 = a3 = 0 in eqs 26-30)
gives the limiting behavior L = 1.442R(xN)"#3, which is
quite different than eq 81. As Helfand® has emphasized,
theratio (¢(r) - 1)/« which appears ineqs 13 and 14 remains
finite as x — 0. So the compressibility of the melt must
be taken into consideration, even in the limit x — 0, to get
the correct dependence of L on x NV at the weak segregation
limit.

From the order—disorder transition to xN =~ 13 the
numerical data of Figure 2 appear collinear. Linear
regression gives L ~ R(xN)%453, consistent with Shull.8

In conclusion, we have calculated L and a over the whole
range from the weak to the strong segregation limits. Our
results are consistent with theoretical formulas in both
limits, and agree with those of Shull. Based on the first
few terms of a Fourier series expansion of the density
profile, we find L = 0.844R(xN)%571 at the weak segregation
limit; the compressibility of the melt—even in the in-
compressible limit—must be taken into consideration to
get the correct dependence of L on xN, and the Fourier
series approximation turns out to be accurate over a very
small range of xN.
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Appendix A: Evaluation of In(Z,)

Asinsection III.A, consider one-dimensional (lamellar)
structure and let xN ~ 10.5as N — = and x = 0, We
will substitute the approximate expressions for u(4,2) and
u(B,2) from section III.A into the recursion relations for
Z*(k,2), then calculate approximate expressions for Z. and
In(Z.).

Consider calculating Z*(N/2,z) from eq 8. u(B,2) is
obtained from u(A,2) by changing the sign of ¢, s0 Z+(IV/
2,2) can be obtained from Z-(IN/2,2) in the same way.
u(i,2) ~ x (see eq 20) and x — 0, so eq 7 gives

Z°(N/2,2) = Z"(N/2,2)ZF (N/2,2) (A1)
Then, from eq 6
z =1 [z N22Z* (N/2.2) dz (A2)
¢ L 0 ¥ ’

Our strategy is to calculate Z-(N/2,z) from eq 8, change
the sign of ¢ to get Z*(IN/2,2), then calculate Z. from eq
A2,

Substituting u(A,z) from eq 20 into the exponential in
eq 8 and expanding to order € gives

-6-2 24 TE4 2~4

g HAD) = 4 x/2(1 ‘- —
4N2 64Nt 8N3 4N?

i 3

Ncos(qz) + eWcos(qz) - E—Aﬁcos(qz) +

-2 ....2

Z]—Vz—cos(Zqz) - —N-cos(.?qz)) (A3)
where = xN¢/2, and terms containing €cos(3gz) and
#cos(...) have been dropped because they contribute terms
of higher order than ¢ to the free energy. Motivated by
the form of eq A3, write

—_—

Z (k) "‘(”’”/2(1+B 2 +B—— ¢ -B o +
W) =€ J—
%N2 T TTeaNt 28N

324 z 8 38
+ Cy=cos(gz) + C,——cos(gz) - C,~—cos(qz) +
3 N2 0]\]c q 1 N3 q 22N2 (q )
2 22

Dow-cos@qz) - Dl-ﬁcos(Zqz)) (A4)
where the undetermined coefficients By, By, ..., D; are all
functions of &, and eq 9 implies that they are all zero for
k = 1. Substitute from eqs A3 and A4 into both sides of
eq 8, perform the summation by using the relation

ZP(z’ - z)cos(ngz’) = v, cos(ngz) (A5)

where P(z) is given by eq B2 and v, = 1 - n%3%/N, and then
equate terms with identical cosine, 7 and ¢ factors to get
recursion relations for the coefficients:

By(k + 1) = 1+ By(k) + 2C,(k) (A6)
Byk+1) =

1 + 4B(k) + B, (k) + 4Cy(k) + 4C, (k) + 2D (k)
Byk+1) =

1+ By(k) + 2C,(k) + 2C,(k) + Dy(k) + D, (k)
By(k + 1) = 1 + By(k) + 2D, (k)
Colk + 1) = v,(1 + Cy(k))
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Cy(k + 1) = v;(1 + 2By(k) + 3C(k) + Cy(k) + Dy(k))
Cy(k + 1) = v,(1 + Cy(k) + Cy(k) + D, (k)

Dy(k + 1) = v,(1 + 2Cy(k) + Dy(k))

Dy(k +1) = v,(1 + D,(k))

These recursion relations have the general form X(k+1)
= y(X(k) + Y(k)) with the solution

k
X(k) = -Y(B) +¥*Y_y"Y(n) (A7)

n=1

from which the coefficients can be determined as functions
of k. For example, to evaluate Cy(k) take y = v; and Y(k)
= 1, then eq A7 gives

k
Cott) = -1+ 7> 7™
n=1

Loyt
=1+

1- 'yl'1
kN
=-1+5-— (A8)

The other coefficients are computed in a similar fahsion,
but the results are lengthy and are omitted here. Equation
A4 gives

o2 ) b ~2-4
Y P Sy
Z(N/2z) =¢e 1+B(,4+B164 st + By +

23 223
€ TE
Cyé cos(gz) + Clgcos(qz) - C‘z?os(qz) +

~2
Do%cos(Zqz) -D,#@ cos(2qz)) (A9)

where By = By(N/2)/N2?, B; = B;(N/2)/N*, and so forth,
and we evaluate everything in the limit N— «. Continuing
the previous example (see eq A8)

C, = CoN/2)/N

o1, n”
N g &
1
—"—2—% (A10)

where y = e%/2, The other coefficients are computed in
a similar fashion, giving

B=l_2,%

q2 q«i q4
4

B =2_§_29X+ﬂ_%+-y_
q4 qﬁ 366 268 gae 18&8

(All)

4

B =S yY_2L 16y y

2 2&4 174 4q6 366 12‘76
1 1 4
=—-— 4L
4 syt sgt

1
oy

4

G285y 15,68 ¥
1 q4 3&4 2&6 9q6 1866

Lamellar Ordering in Copolymers 3349

=_L+i_ﬁl+_ﬁ_

¢
2 9g 43 33 12g*

= 1 2 4
Dy=——-2n+ 2
2" 33" e6q
- 1 4
g 4q

Equation A9 is an approximation for Z-(N/2,z), and
Z*(N/2,2) is obtained by chaning the signof e. Substituting
these expressions into eq A2, integrating, and keeping
terms up to ¢, gives

Z,= e N2 + a,(xN)2 +
(@, + 0,7 + a, P (xN)'eh (A12)
where
a,=B,-Ch/8 (A13)
a,= (2B.2 + B, - 4C,C, + D,3/512
ag = (-B, + 2C,C,)/64
a,= (B, + DB/32

Equation A12 is an approximation for Z; in the weak
segregation limit (¢ — 0), from which In(Z,) is readily
calculated.

Appendix B: Numerical Solution in One
Dimension

To specialize to the case of one-dimensional (lamellar)
structure and symmetric blocks, replace the lattice vector
r by one component, let

. (AifksN/2 &1
“T 1 Bifk>N/2
1/6 ifz =
PG@) = { 4/6 if2=0 (B2)
0  otherwise

and seek solutions ¢(i,2) and u(i,z) periodicin z with period
L. (Keep in mind that z is a discrete variable, and ¢ and
u are discrete distributions.) Because the blocks are
symmetric, ¢(4,2) = ¢(B,z+L/2) and u(A,2) = u(B,z+L/
2), and knowledge of the solution over any half-period
determines the entire solution. Specifically, let z = j,
where j = 1, 2, ..., N and N = L/(2l), and impose the
“reflecting wall” boundary conditions (required to evaluate
the convolutions in eq 8)

1(,0) = u@,b) (B3)
wG,L/2+1) = u(,L/2) (B4)

L/(2]) must be an integer, and the center of the interphase
region is at L/4.

The solution proceeds as follows: Given x, N, «, and WV,
and given an initial guess for ¢(i,2), iterate until A is within
aspecified tolerance (typically 0.001) of zero, and calculate
the free energy from eq 12. Then select a new value of V,
reinitialize ¢(i,2), and repeat the procedure. Keep this up
until the value of &/ which minimizes the free energy is
determined. The corresponding ¢(i,2) is the equilibrium
density distribution, with period L = 2! and interphase
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width

_ALI2) - pA)
¢ (AL/4)

where ¢’ represents the derivative with respect to z and
is evaluated by fitting a natural cubic spline to ¢(A,z). In
practice, we find the three even and three odd values of
N which bracket the minimum free energy, calculate the
corresponding values of L and a, then use parabolic
interpolation to estimate their values at the minimum free
energy. Theevenand odd datasetsare treated separately,
and their results compared. If they disagree, then this
means the lattice is too coarse to accurately describe the
narrow interphase region. The solution is to increase the
number of molecular segments N, which effectively
decreases the segment length (and lattice constant) /. But
increasing N increases the computational burden. For
each data point in Table I, N was made large enough so
that the even and odd results agreed to within 0.7% for
L and 3.3% for a.
The initial density distribution we use is

#(A2) =1~ ¢(B,z) = 0(L/4~2) (B6)

where 0(2) is the unit step function. However, for small
« the iterative procedure fails (A does not go to zero). The
solutionis tostart with a relativelylarge value of x (typically
10), solve for ¢(i,z), then use this as a new initial
distribution with a (typically 5% ) smaller value of . We
proceed in this way until we reach the desired value « =
0.1.

(B5)
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